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DEFORMATION OF SUBMANIFOLDS OF
HOMOGENEOUS SPACES

GARY R. JENSEN

Introduction

In his paper [6], P. Griffiths considered what he called kth order contact
between two p-dimensional submanifolds f, f: §— M of a homogeneous
space M = G/G,, (cf. p. 799). He considered the question of how to de-
termine when two such submanifolds have kth order contact, and also
whether it is true that, for large enough &, kth order contact implies con-
gruence. '

As a method of attack on these problems Griffiths discussed E. Cartan’s
method of moving frames, by which he meant finding appropriate “lifts” of f
and f to G and then using the pull-back of the Maurer-Cartan form of G to
obtain local invariants which would provide nécessary and sufficient criteria
for when two submanifolds have kth order contact. Although he successfully
carried out this approach for several examples, a general method, and
especially an appropriate method -for lifting f to G, remained an open
question. _

In my monograph [7], I considered these problems raised by Griffiths, but
for a different notion of contact. In his 1938 review of Cartan’s book [3], H.
Weyl pointed out that there are two natural notions of contact in a homoge-
neous space. He called them “fixed parameter contact”, which is the version
used by Griffiths; and “unfixed parameter contact”, which is the version that
T used. For unfixed parameter contact, the problems of kth order contact and
congruence were solved in [7] using the method of higher order frames. These
frames consist of a nested sequence of submanifolds of G, cross sections of
which constitute the appropriate “lifts” sought by Griffiths. The methods are
quite general and can be carried out whenever (but not only then) the
isotropy subgroup of G is compact.

In classical differential geometry of surfaces in Euclidean space, the prin-
cipal curvatures are invariants of the unfixed parameter version of contact,
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while the first and second fundamental forms are invariants of the fixed
parameter version of contact. Any two surfaces have first order unfixed
parameter rigid motion contact, but they have first order fixed parameter
rigid motion contact if and only if they are isometric. A relationship between
the two versions of contact emerges when it is recognized that from the two
principal curvatures can be constructed the Gaussian curvature, which is an
invariant of the fixed parameter contact.

The purpose of this paper is to elucidate the exact relationship between the
two versions of contact, and to solve the problems raised by Griffiths for the
fixed parameter case by making use of the higher order frame construction
developed for the unfixed parameter case.

In the first three sections the two versions of contact are defined and the
exact -relationship between them is described, (Proposition 2). Following
Cartan I have called the unfixed parameter contact “G-contact”, (the notion
of [3]), and the fixed parameter contact I have called “G-deformation”, (the
notion of [1] and [2]). "

* §4 contains the general method for attacking the G-deformation problem.
This attack consists of deriving a system of exterior differential equations on
the parameter space S of f, f: S§ —> M, relative to a pair of related lifts u, &

S — G of f and f, respectively. This system of equations is such that f and f
are G-deformations of a given order if and only if his system of equations is
satisfied.

In §5 it is shown how to view this system as an exterior differential system
on G X G or L, X G, where L, C G is the space of kth order frames on f.
The Cartan-Kéhler Theory can then be used to study these equations. The
section concludes with a proof of the proposition that, under quite general
conditions, some finite order of G-deformation implies congruence, (even for
- C* submanifolds).

In the second part of the paper the general method is applied and worked
out in detail for the case of surfaces in R® under the action of the equiaffine
group, SL(3; R)R?. This example was chosen because surfaces in R> are
familiar objects, the higher order frame construction has been completely
carried out for them in [7], and the isotropy subgroup SL(3; R) is noncom-
pact. This last feature is important because whenever the isotropy G, is
compact there exists a G-invariant Riemannian metric on M, and then the
first order G-deformation problem is just the isometric imbedding problem.
When G, is noncompact, there are no familiar fundamental forms around
providing invariants for the deformation problem. One must turn to the
G-contact frames and invariants.
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It is a pleasure to thank Phillip Griffiths for his suggestions for revising this
paper, in particular his suggestion to expand §84 and 5 to a description of the
general case rather than just for the equiaffine space example. I recommend
some recent papers by C. Schiemangk, R. Sulanke and A. Svec on the higher
order frame construction, [9], [10)], [11]. Finally, I must acknowledge a great
debt to several papers and books-of Elie Cartan. In so far as I understand
what he did, the methods described here are the methods he used in his study
[1] of the projective deformation of surfaces.

1. GENERAL THEORY OF DEFORMATIONS

1. Notation

In this paper we assume all maps and manifolds to be differentiable of
Class C*, unless other assumptions are made explicitly. In most cases class
C" for some finite r would be adequate, but in the present context there seems
1o be no point in stressing the weakest differentiability assumptions needed.
Whenever we apply the Cartan-Kihler theorem we must, of course, assume
everything to be real analytic. Such assumptions will be stated whenever they
are made. ,

Vectors in R™ are denoted with s X 1 matrices. For any positive integer
P <m, the Grassmann mamfold G,,, of unoriented p-dimensional linear
subspaces of R™ can be represented as the orbit space R™>? /GL(p; R),
where R”*? denotes the space of all m X p real matrices of rank equal to p.
The general linear group GL(p; R) acts on R™*? from the right by ordinary
matrix multiplication. For any matrix X € R™*?, we let [X] denote the
equivalence of class X under the action of GL(p; R). If X, Y € R”*? then
[X]=[Y]iff X = YA for some A € GL(p; R).

GL(m; R) acts as a Lie transformation group on G, , by left matrix
multiplication. If 4 € GL(m; R), and [X] € G, ,, then 4 - [X] = [4X].

The following local coordinate chart in G,,, will be referred to as the
standard local coordinate system in G,,,. Let U0 = {[X] € G,,,: the first p
rows of X are linearly independent}. For any X € R™*?, write X = (%,
where 4 € RP*? and Y € R P> Then U, = {[4] € G,,: 4 €
GL(p; R} =([4:: I=pXp identity, Y € R™=P>P} The map y,: Uy—
R™=P*P given by yo([4]) = YA~ is a homeomorphism, and (U,, y,) is the
standard local coordinate system of G,,,

For bundle notation and terminology we shall follow [8]. If M is an
m-dimensional manifold, then L(M) denotes the GL(m; R)-principal bundle
of linear frames on M. We let G, (M) denote the fiber bundle of.all
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p-dimensional subspaces of the tangent space of M at any pomt of M; in
short, the bundle of all p-dimensional tangent planes to M.

The bundle G, ,(M) is associated to L(M) with the standard fiber G,, , on
which the structure group GL(m, R) acts as described above. Thus G, ,(M)
= L(M)Xg1imz)Cmp- A tangent p-plane P at the point x in M is denoted by
[, [X]} € L(M)xGL(,,, )G, Geometrically, u = (e}, - * - , &, is a basis of
M, and X = (x}), 1 <i <m, 1 € a < p, is an m X p matrix such that P is
spanned by the p vectors v, = 3, xle; € M,.

2. Contact

Let f: S — M be a p-dimensional submanifold of an m-dimensional mani-
fold M, where 1 < p < m. Then f induces an imbedding 7;: S — G, (M)
given by 7(s) = f,S,,s € S.

We define the higher order Grassmann bundles on M inductively by
M° =M, M"™*" = G, (MP®) for any integer 7 > 0, where m, = dim M". A
sequence of induced maps 7;: §— M" is defined inductively by 77 = f,
Tf*! = Ty, for any integer r > 0.

Let f: § — M be another p-diménsional submanifold of M, and r a positive
integer.

Definition. (Compare with {3, §16, pp. 16—17].) f and f have contact of at
least order r at s € S and § € S if T{ (s) = T(5).

In order to get a more detailed view of the meaning of contact, we shall see
what contact means in terms of appropriately chosen local coordinates. We
shall use the following index conventions: 1 <i, j,k <m; 1 <a, 8 < p;
p+i<ab,c<m _

Fix a point o € S, and lety = (»}, - - -, »™) be a local coordinate system
in M centered at f(0). If we let f' = y' o £, then as f is an imbedding, we may
assume (reindexing the y’ if necessary) that df' A - - - Adff(0) 0. Then
x = (f1, - - -, fP) defines a local coordinate system in S centered at o.

For the submamfold f: § - M, suppose that f(o) f(o) for some point
€ S. Let f‘ =y’ ' o f, and suppose that df' A /\dﬂ’(b');eo so that
X =(fY, - - -, fP)also defines a local coordinate system in S centered at &.

Proposmon 1. Let r be a positive integer. The p-dimensional submanifolds f.
S — M and f: S — M have contact of at least order r at o € S and 5 € S if
and only if f(0) = f(5) and for every integer k for which 1 < k < r,

3 B’Tf
afa, . . af"‘"( ) af-] af“" (0)
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Remark. We have here, presumably, what H.. Weyl would call the unfixed
parameter notion of contact.

Proof. We shall give here the proof for the cases r = 1 and r = 2. The
pattern for the proof for any r is then quite apparent.

Using the natural isomorphism for any finite dimensional vector spaces ¥V’
and W, L(V, W) = V* @ W, where L(V, W) is the space of linear transfor-
mations from ¥ to W, we have f, = 3, df' ® 3/3y’. Furthermore,

g =S L g

« of
Letu = 3/, - - -, 3/dy™) denote the local coordinate frame field in M.
Then T;: S — G, (M ) = L(M)xg; G,,,is given by T; = [u © 0]] where 1

denotes the p X p identity matrix, and X,: S — R 'P) *P has for its aa entry
the function 9f*/af".

In the same way, if X0 S — R"=P*P has for its aa entry the function
af*/af*, then T; = [u o f, [& 1. Hence T{o) = TJ:(6) if and only if f(0) = f)
and X(0) = Xo(5) i.e., f(0) = f(3) and 3f*/3f*(0) = 3 /8f*(5) for all @ and
a. This is the desired conclusion for the case r = 1.

Consider now the case r = 2. Let y, = (x7): G,,, 2 Uy— R” P’ denote
the standard coordinate system in G, ,, and let #: L(M)— M denote the
bundle projection map. Then (y © #, y,) defines a local coordinate system in
M! = L(M )xGL" np i a neighborhood of points [u, [}]], where u =
@/, ,8/dy™) is the coordinate frame field of the local coordinate
system y chosen above in M.

With respect to the local coordinates (y © =, y,), the local representation of
T: S>> M'isT; = (y o f, X); (thatis,y cw o Ty =y o fandy, o T, = Xp).

Let u, = (3/9x,") denote the coordinate frame field of y, in G,, . Then

(). =S4 @ +2d(?,f;) ® 3z

Thus T} = - LG, (M)xgy, G,,, is given by
: 1
= (u°f,u00X0),' XO s
X,

where X;: § — R ~PP>? has for its (aa, ) entry the function 3% /3fPaf™.

In the same way there is a similar expression for 77, the only difference
being that f, X, and X, are replaced by f, X,, X,, and X,: § — R PP*P has
for its (aa, B) entry the function 3% /affaf.
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Hence T7(0) = T#(0) iff Xo(0) = Xo(5) and X,(0) = X(0); ie., iff

e af 3% e
afa (0) = 5(0) afﬁaf" (0) = af_ﬁaf_a (0)
for all a, a, B. This is the desired conclusion for the case r = 2. q.e.d.

Let G denote any set of diffeomorphisms (local or global) on M. In what
follows we shall assume that G is a Lie transformation group on M, but the
concepts defined here make sense when G is, for example, a pseudo-group of
local diffeomorphisms of M.

Definition. Let r be a nonnegative integer. The p-dimensional submani-
folds f: § — M and f: § — M have G-contact of at least order r at 0 € S and
5 € S if there exists a transformation A € G such that f and 4 o f have
contact of at least order r ato € Sand s € S.

A diffeomorphism 4 of M induces a diffeomorphism 4V of M! =
G,, ,(M), which sends the tangent p-plane P at x € M to the tangent p-plane
AP as A(x) € M. It is easily seen that AD: M > M is smooth, 1:1, and
onto, and the same is true for its inverse which is (471 ®. With respect to the
representation M ' = L(M)Xg 1 g)Gump» We have AD[u, [X]] = [4 ,u, [X]].

Proceeding inductively, 4 gives rise to a sequence of diffeomorphisms 4®:
M’ - M’ defined by A® = (4~ DD, for any integer » > 1. (Here 49 =
A)

Lemma 1. If f: S > M is a p-dimensional submanifold of M, and A is a
diffeomorphism of M, then for any positive integer r, Ty ;= A® o T7.

The proof is a straightforward induction.

Suppose again that f: S — M and f: S — M are p-dimensional submani-
folds, and suppose that G is a Lie transformation group on M. By Lemma 1, f
and f have G-contact of at least order r at o € S and & € S if and only if
there exists a transformation 4 € G such that A(’)I}—’(é) = T/(0). But this just
means that 77(5) and T7(0) both lie in the same orbit of the action of G on
M.

The construction of rth-order frames on a submanifold amounts to choos-

_ing a cross section for the action of G on M’. When G is a Lie transformation
group on M the construction is algebraic and depends only on the structure
of G.

3. Agreement and deformation

Definition. Submanifolds f,f: $— M of dimension p < m = dim M
agree to at least order r at o € S if they have the same rth order Taylor
polynomials at o.
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To be more explicit, let y = (y',- - - ,¥™) be a local coordinate system in
M about f(0), and let x = (x', - - - , xP) be a local coordinate system in §
about 0. Let f = y’ o fand f* = y' o f. Then f and f agree to at least order r
at o if f(o) = f(0) and for any jinteger k, 1 < k < r, @%/3x% - - - 3x%)(0)
= (@%/ax - - - Ix%)(o), for allay, - - - , o and i.

We may assume (reindexing the y’ if necessary) that df' A - - - AdfP(0) #
0, so that x = (f*, - - -, f?) defines a local coordinate system in .S centered at
0. We assume further that x = (f', - - -, f?) also defines a local coordinate
system in S about o.

Proposition 2. Let r be a positive integer. Submanifolds f and f agree at o to
at least order r if and only if

(i) they have contact of at least order r at 0; and

() (3f*/3f%)(0) = 85 and for any integer k such that 2 <k < r,
@4 /3f" - - - 8ff)(o) =

Remark. Conditions (ii) are equivalent to the condition that the local
diffeomorphism X o x™' of R? agrée with the identity transformation to at
least order r at the origin.

Proof. An elementary apphcatlon of Proposmon 1 and the chain rule.
q.e.d.

Let f: S — M and f: § — M be p-dimensional submanifolds of M. Let G be
a Lie transportation group on M, and r a positive integer.

Definition. f and f are rth order G-deformations of each other if there exist
a smooth map v: S — G and a diffeomorphism F: § — S such that, for each
point s € S, f agrees to at least order r with v(s) © fo Fats.

The deformation is trivial if f and f are actually G-congruent; that is, if o(s)
can be chosen so that it does not depend on s € S. We shall say that f is rigid
with respect to rth-order G-deformations if there are no nontrivial rth-order
G-deformations of it.

Remark. Deformation implies contact. To be precise, if f and f are
rth-order G-deformations of each other, then there exists a diffeomorphism
F: 8§ — S such that f and f o F have G-contact of at least order r at every
point of S.

Example. The notion of deformation lies behind many of the concepts
and problems of classical differential geometry. Consider, for example, the
case of surfaces in Euclidean space. Then M = R® on which acts the group
G = E(3) of proper rigid motions. Let ds? denote the Fuclidean metric on R>.

Two surfaces f: S — R® and f: § — R3 are first order E(3)-deformations of
each other if and only if they are isometric with respect to their induced
metrics. In other words, there are a smooth map v: S — E(3) and a diffeo-
morphism F: S — S such that f and o(s) o f o F agree to first order at s, for
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every s € S, if and only if there exists a diffeomorphism F: S — S such that
F*f*ds? = f*ds?. (Of course this is local; S and S may have to be shrunk.)

It is well-known that locally any surface in R*> has nontrivial first order
E(3)-deformations, and that the deformations of a given surface are given by
the arbitrary choice of two functions of one variable (cf. [4, pp. 141-144]).
Using the Riemannian connection and Gaussian curvature of the induced
metric, one can give simple necessary and sufficient conditions for when two
surfaces are first order E(3)-deformations of each other. (Cf. [3, pp. 227-230].
In this account of Cartan’s there are certain regularity assumptions tacitly
made. For example, he did not characterize the deformations of a neighbor-
hood of an isolated critical point of the Gaussian curvature. To my knowl-
edge that remains an open problem.)

Finally, it is a celebrated theorem of Gauss that two surfaces are second
order E(3)-deformations of each other if and only if they are E(3)-congruent.
That is, all surfaces have second order rigidity.

The problem of finding all surfaces in R? isometric to a given surface in R®
was considered by Gauss in [5, p. 45]. It is interesting to notice that Gauss
formulated this problem in terms of deformation. It seems quité possible that
Gauss’s study [5] was guided by the general philosophy of determining
quantities, for example distance and curvature, on a surface which are
invariant under first order E(3)-deformations.

4. The differential system of a deformation

We consider kth order deformations of p-dimensional submanifolds of a
homogeneous space M = G/ G, where k and p are integers, k¥ > 1, and
1 <p<n=dim M. _

To summarize the method, the differential equations of a deformation are
obtained by expanding in Taylor polynomials the two submanifolds with
respect to any adapted frame of M; i.e., elements of G. Keeping a point of the
submanifold fixed, but varying the point of G, we differentiate these Taylor
polynomials and equate coefficients of like monomials up to degree .

The method begins with a once and for all choice of real analytic local
coordinate system in M centered at 0 € M. It is convenient for us to write
down its inverse, a local parametrization (%, @), where QL is a neighborhood
of 0 € R%, and ¢: A — M maps U diffeomorphically onto a neighborhood
of 0 in M such that ¢(0) = 0. For any u € G, (A, u ° ¢) is a local parametri-
zation of M centered at u(0).

Let P: G X QL — M be defined by P(u, x) = u(¢(x)). Notice that for each
fixed u € G, the map P, (x) = P(u, x) = u ° ¢(x) maps U diffeomorphically
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onto u(p(M)) C M. For each u € G and p € u(p()), we shall call

xl

x= || =@ 9)0)

the coordinates of p with respect to the frame u.

Proposition 2. For any point p € M, P™'{p} is a codimension-n real
analytic submanifold of G X QU whose tangent space at any point is defined by
the n linear equations

4.1) dx' =24, 1<i<nl<e<dimG.

Here {Q°) is a basis of left-invariant 1-forms on G, the A} are real analytic
functions on 9L, restricted to P~'{p}, and the x' are the standard coordinate
functions on R",

Proof. That P7'{p} is a codimension-n submanifold whose tangent space
is defined by » linear equations involving no relations among dx!', .-, adx"
follows from the fact that at any (4, x) € G X U, P (G X W)y, 2 P C’IL
= MP(”) Hence if (0, §) € (P 1{p})(,”‘), then 0 = P_(0, §) = P, bso § 0.
It remains to show that the A, are real analytic functions on U (restncted to

P{p).

Varying p over all of M shows that the Aj in (4.1) are the restriction to
P~{p} of functions 4)(u, x) on G X 9. For any a € G, define L,;: G X U
— G X 9 by L,(u, x) = (au, x). The tangent space to P~'{ P(u, x)} at (u, x)
is given by :

42 . dxi(x) = 2 Al(u, x)Q2°(u);
while the tangent space to P~'{ P(au, x)} at (au, x) is given by
ae'(x) = 3, Al{a, X)W

But P(L,(u, x)) = P(au, x) = (au)(p(x)) = a(u(ep(x))) = aP(u, x) implies
that L (P Y{P(u, x)}) = P~ 1{aP(u, x)}. Thus the tangent space to
P71 P(u, x)} at (4, x) is given by

(4.3) L;(dx"(x) = S 4i(au x)szg,,u)).

But L}dx(, = dx("x), and L3007, = 9, Comparing (4.2) and (4.3) it follows
that A/(au, x) = A/(u, x), for every a € G. Hence A)(u, x) does not depend
on u; it is a function of x alone. q.e.d.

‘We shall derive (4.1) for two classes of examples.
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Example 1. M =R"” = G/G,, where G is any subgroup of the affine
group which acts transitively on R”. (For example, G is the whole affine
group, or the equiaffine group, or the conformal affine group, or the
Euclidean proper motion group.)

The affine group is a semi-direct product GL(#; R) - R", and its Lie algebra
is a semi-direct sum @I(n; R) + R". Its Maurer-Cartan form { is the &l(n; R)
+ R" valued left-invariant 1-form:

(4.4) Qg =(A7'd4,47'dg), A € GL(n;R),x ER".

Put (@) = A7'd4 and () = A7'dx, 1 <i,j < n. Then {Q, @'} is a basis
of left-invariant 1-forms on the affine group. Some subset forms a basis of
left-invariant 1-forms on G.

Our choice of parametrization ¢ will be the identity map U =R"—
R”. Then P: G X R*>R"” is given by P(u,x) = u(x). Any u € G C
GL(n; R) - R” can be written uniquely as u# = (4, g), for some 4 €
GL(n; R), q ER". Put A = (e, - -, e,), where ¢; = ith column of A. Then
P(u, x) = u(x) = ¢ + Ax = q + , x'e,, where x = (x).

Ifp = P(u, x) = g + 2, x'g is fixed, then

(4.5) 0=dp=dq+ Xdxe + 2 x'de,.

Since dg = =, e; and de; = = e, by (4.4), we can substitute this into (4.5)
and get

0=> (Qi + dx' + Exjﬂj’:)e,..

i J

Hence

(4.6) dx' = Q' ~ 2 x’Q.
J

These are the equations (4.1) for this space.

Example 2. Grassmannians. M = G,,, the space of all oriented p-dimen-
sional linear subspaces of R” 1 < p € n — 1. For G we take any subgroup of
GL(n; R) which acts transitively on G,,. The most important cases would be
G = SL(n; R), the special linear group; or G = 0(n), the orthogonal group.

The Maurer-Cartan form of GL(n; R) is @ = A7'dAd = (@), 1 <i,j <n.
Thus {§;: 1 <i,j < n} is a basis of left-invariant 1-forms on GL(»; R). Some
subset is a basis of such forms on G. We shall use the following index
convention:

1<ij<n 1<afB<p;, p+l<ab<n
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Our choice of local parametrization of G is p: RO~P>*?P 5 G, glven by

(p(X ) =[], (we are following the notation of §1). Then P: G X R(’“P)XP -
pi8 P, X) = u- 5] = [u- G}

If 7 R™P G, , denotes the canonical projection of an n X p matrix X of
rank p to its equlvalence class [X] € G, - then P factors into P = 7 o P,
where P: G X R"=P%P L, R™*P jg given by P(u, X)=u-&).

Now P is constant if and only if P lies i in {P A: A € GL(p; R)}. Thus on
a submanifold P = constant,

4.7) dP = PA,

where A is a p X p matrix of 1-forms on G X R®~P>P which we denote

= (AD).
On the other hand, if we write, foru € G, u = (e, - - * , e,), Where ¢, is the
ith column of u; and if we write X = (x7) € R#™2>2 then

P=u- ()I() =u: (((I)) + (;)()) =(e1"_' ) ’ep) + (eaxf',' T ,eaxpa),

(sum on repeated indices). Thps dP = (dey, - - - ,de)+ (-, dexg +
edxyl, - -+ ), 80 : ;

(48)  dP=(---,Qe, )+ (-, Uxie +edxl, ),

since de; = Qe
Compdring the coefficients of e, in (4.7) and (4.8),

(4.9) Ag =95 + Qxp.

Comparing the coefficients of ¢, in (4.7) and (4.8),

(4.10) xgAp = Q3 + bep + dxg.

Eliminating the Ag from (4.9) and (4.10), we get (4.1) for this space:
4.11) - dxg = % + x2Q5 — Qx; + gxé’.

In the case G = GL(n; R), the set of forms {SZJ'.} is a basis of left-invariant
1-forms on G. If G is a subgroup of GL(n; R), then some subset of {{;} forms
a basis of G, the remaining forms being linear combinations of these.

‘We continue now with the derivation of the differential equations of a kth
order deformation. Suppose that the p-dimensional submanifolds f: § — M
and f: S — M are kth order deformations of each other. Then there are a
smooth map v: S — G and a diffeomorphism F: S — § such that at each
s € 8, v(s) © f o F agrees through order k with f at s. Replacing foyfo F,we
may as well assume that § = S and that F = identity transformation.
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For each (s, t) € § X S, the coordinates of f(¢) with respect to u(s) are the
components x!, - - -, x" of x(s, £) € R* given by x: § X S > R”,

x(e, £) = (u(s) @) (D).

Without loss of generality we may assume that for each s € S, the functions

x1, . -+, x? define local coordinates in S centered at s.

The coordinates of f(f) with respect to #(s) are given by the components %'
of ‘

%(s, 1) = (@(s) ° @) (F(1)).

However, since ii(s) = o(s) u(s),

%(s, 1) = (o(s)™ - u(s) © @) (F (1)) = (u(s) ° @)7(0(s) ° F(©))-
Thus X(s, ¢) is also the coordinate of v(s)  f{¢) with respect to u(s).
The condition that v(s) ° f agrees through order k£ with f at s can be

expressed as, for each s,

(4 fi(s; xl’ e, xP) = xi(s; xl’ “ . ’xP)’
12

) (modulo terms of degree > k in x', - - -, xP).

Differentiating (4.12) with respect to s, keeping ¢ fixed:
(4.13) dx'=dx’ (modulo terms of degree > kinx',- - -, x?).

Put 0 = v*Q° and w° = u{2°, 1-forms on S, and let id: R” - R” denote
the identity map, then applying (1 X id)* and (# X id)* to (4.1) gives

dx' =D Al(x)w’, dx' = AYX)=".
a a

Putting these relations into (4.13) gives
(4.14) S Ai(X)w° =3 4/(x)w°  (modulo terms of degree > k).
(4 a

n

In (4.14) replace 4/ by its Taylor polynomial of order & — 1 in x*, - - - , x";
then replace x?*!, - - - , x" by their Taylor polynomials in x',- - -, x? of -
order k — 1; and finally replace each X' by x’ because of (4.12). Thus,
modulo terms in x', - - -, x? of order > k, we can replace 4}(%) and 4}(x)
by their (k — 1)th order Taylor polynomial in x', - « - , x”:
(4.15) Al= 3 Cixl,

o< || <k
where x = (x’,- -+, x?), I = (i}, - - ,i,), and the C}; are functions of s.
Equating coefficients of each x? gives the exterior differential equations of a
kth order G-deformation:
4.16) Ci(e°—w°)=0, i=1---,na=1,---,dimg0< || <k

They are a necessary condition for local kth order G-deformation.



DEFORMATION OF SUBMANIFOLDS ' 225

These differential equations (4.16) give a sufficient condition as well for
local kth order deformation. To be precise, suppose f, f: S - M are p-dimen-
sional submanifolds with frame fields u, #: § — G, respectively. If x(s, 1) =
(u(s) ° @)"f(®) and Z(s, £) = (#(s) ° @) 'f(¥), satisfy (4.16), with w° = u*Q°
and @° = *Q° as above, then f is a kth order deformation of f. Furthermore
the deformation is achieved by v: S — G given by o(s) = u(s)i(s).

5. Solving the deformation problems

The exterior differential system (4.16) derived in §4 gives necessary and
sufficient conditions for two p-dimensional submanifolds to be kth order
G-deformations of each other. Consider now the following three questions:

(1) Given k and p, are there any nontrivial kth order G-deformations of
p-dimensional submanifolds of M?

(2) How does one find all kth order G-deformations of a given submani-
fold?

(3) How does one recognize whether or not two given p-dimensional
submanifolds are kth order G-deformations of each other?

General methods for answering these questions are outlined in this section.
These methods will be described in detail below for equiaffine deformations
of surfaces in 3-space. This section concludes with the result that under quite
general conditions all submanifolds of M are rigid to sufficiently high order
G-deformations.

The methods used here make use of the higher order contact frames
constructed in [7]. For a p-dimensional submanifold f: § — M, the kth order
frames on f are denoted by L,, which is a submanifold of G, and , —» Sisa
fibration whose fiber at each point is a coset of a subgroup of the isotropy
subgroup G,. For example, L, = {u € G: u(o) € f(S)}, whose fiber u is
u-Gy.ThenLyD L, D L, D

Continue to let {Q°} denote a basis of léft-invariant 1-forms on G. In the
construction of L,, there are p of these forms—which we may as well assume
to be @, - - -, @—which pull back by any cross section u: S—> L, to a
coframe field on S. Furthermore this is true for any cross section u#: § — L,,
k > 1. Finally, each L, is an integral submanifold of G of an exterior
differential system on G.

The method for answering question (1) is to consider the exterior differen-
tial system on G X G consisting of (4.16) (with w?, @° replaced by Q° and Q°,
respectively) together with the equations of the systems defining I, C G and
L, C G. (Here we let {Q°} denote the same basis of left-invariant forms, but
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on the second copy of G.) This system is to have designated independent
variables 2, - - - , Q7. Then any p-dimensional integral submanifold of it will
be given by (4, %): S—> G X G, and it will follow that f= o o u and
f = @ o i1 are kth order G-deformations of each other. (Here 7: G — M is the
projection 7(u) = u(0).)

For question (2), let f: §— M be a given submanifold of constant kth
order type, and let L, be its kth order frames. Let i: L, — G be the inclusion
mapping, and let w® = i*Q°. Then only a subset of {w°} are linearly indepen-
dent (but a subset containing w!, - « - , wf in every case), the remainder will
be linear combinations of forms in the basis subset, with coefficients which
are functions on L.

To find all kth order G-deformations of f, find all p-dimensional integral
submanifolds of the exterior differential system on L, X G defined by (4.16),
(where w° is replaced by £2%), together with the equations on the £° which
define the kth order frames I,. Again w!, -+ -, wf are the designated
independent variables. A p-dimensional integral submanifold (4, ¥): S — L,
X G will give a pair of submanifolds which are kth order G-deformations of
each other, and one of them is = ° ¥ = f, the given submanifold.

If this system on I, X G is in involution, then a general f possesses many
nontrivial deformations. If the system is completely integrable, then any f is
rigid. If the system is not in involution, then generic f are rigid, but by the
method of prolongation, necessary conditions, on f can be obtained for the
existence of nontrivial deformations.

Finally, to answer question (3), one looks for functions on the submanifold
which are invariant under kth order G-deformations. Always the contact
invariants of orders up through (and sometimes even higher ordeR), will be
invariant under kth order G-deformations, but sometimes there are none, or
not enough. Even so, functions can be constructed sometimes from higher
order contact invariants which can be used. For example, for surfaces in
Euclidean space, every surface possesses nontrivial lst order rigid motion
deformations. However, there are no first order contact invariants. Neverthe-
less, from the two second order contact invariants, the principal curvatures,
the Gaussian curvature can be constructed, and it is invariant under 1st order
deformation even though the principal curvatures are not.

The following result resolves [6, 15.1, p. 799]

Theorem. Let M = G/ G, be a homogeneous space for which the frame
construction of [1] can be carried out. Then there is an order k > 1 such that
any submanifold of constant type is rigid to kth order G-deformations.

Proof. 1ff, f: S — M are kth order G-deformations of each other, then for
each s € S, f and f have kth order G-contact at 5. By [7, Theorem 3, p. 32] if f
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is of constant type for k sufficiently large, thén any submanifold f which has
kth order G-contact with f at s for every s € S is G-congruent to f.

IL EQUIAF FINE DEFORMATIONS OF SURFACES
6. The equiaffine group
The equiaffine group SA(m) is the Lie group of all unimodular affine
transformations of R™. This group can be represented as the subgroup of
GL(m + 1; R) given by
SA(m) = {(A,x) = (6“ i‘):A € SL(m; R), x eR’"},
where SL(m; R) is the special linear group, (all m X m real matrices whose
determinant is equal to 1).
The action of SA(m) on R™ is given by
(4, x)y = Ay + x,
for any y € R™. This action is transitive, and the isotropy subgroup at the
origin 0 of R™ is G, = {(4,0): A € SL(m; R)} = SL(m; R). For conveni-
ence we shall usually denote the element (A4,0) in G, simply by 4. The
projection map w: SA(m) — R™ is given by 7(4, x) = (4, x)0 = x.
The Lie algebra of SA(m) is represented in gl(m + 1; R) by
g= {(X, x) = ((’}, (’;) X €3l(m; R), x ER’"},

where 8l(m; R) is the Lie algebra of all m X m real matrices whose trace is
equal to 0.
The Lie algebra of Gj is the subalgebra of g:

Go = {((’}, 8) X € 8l(m; R)} Esl(m; R).
We shall usually let X denote the element (X, o). If we let my = {(0,y) € g:
y €R™}, then m, is a vector space complement to g, in g, and the adjoint
action of G, on my is simply
ad(A4)(0,y) = (0, Ay), forA € SL(m;R),x ER™.
For future reference we point out that the adjoint action of G, on g is given
by
ad(A)(X, y) = (4XA™, Ay).

The Maurer-Cartan form of S4(m) is the g-valued left-invariant 1-form on

SA(m)

Qaxy = (4744, A7'dx).
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We shall write € = (2), (2')), where @}, @' are ordinary left-invariant 1-
forms on SA(m) and 27" & = 0.

The structure equations of SA(m) are contained in the formula d$2 = -2 A
2, which in detail is the set of equations

d = -0 N2,
k

do = -39, A9
k

We specialize now to the case m = 3. For the rest of the paper we let

G = SA(3). Our index convention becomes:
1<i,j,k<3; 1<a,B<2

A linear frame u at a point x of R? can be denoted u = (e,, e,, e3; x), where
e, €,, e, are three linearly independent vectors in R>. As a reference frame u,
we choose the standard basis ¢, &, &; at the origin 0 of R?. Then we get a
bundle monomorphism #,: G— L[R® given by h, (4, x) = (4, x), 4y =
(Ae,, Ae,, Aey; x). Thus hy identifies (A4, x) € G with the frame at x given by
the three columns of 4. The associated representation p,: G, > GL(3; R) is
just the standard representation of SL(3; R). Then Ah,((4, x)K) =
h,(A4, x)p,(K) forany (4, x) € G, K € G,

The frames h,(G) can be uséd to simplify the representation of the
~ Grassmann bundle G;,(R%. In fact, G3’2(R3) = Gxg G3,, where we have
written G instead of A,(G).

7. Frames

Suppose that f: § —R> is a regularly imbedded surface in R?, A zeroth
order frame at s € S is any element ¥ € G such that w(x) = f(s). Then
h, (1) = (ey, e, €5; f(s)). We shall usually abuse notation and write u =
(en € €53 (5)).

Definition. A zeroth order frame field along f is a smooth map u: S—> G
such that # o u = f; i.e., such that u(s) is a zeroth order frame of f at s for
every s € S.

In general, suppose that x: S — R® is a smooth map, let s € S and suppose
that v = (v, v, vs) is a frame for R>. Then

dx(.v) = xt(s) = 2 (P‘ ® Oy
where the ¢’ are linear functionals on the tangent space S,, called by E.
Cartan the relative components of infinitesimal displacement of x at s with



DEFORMATION OF SUBMANIFOLDS 229

respect to the frame 0. Now suppose that u = (e, e,, e3; f): § = G is a zeroth
order frame field along f. Then e, e,, e; and f are smooth maps S — R?, and
so their relative components of infinitesimal displacement at any point with
respect to the frame u are given by

(1) de,=Qw/®e, df=3¥Re.
J : o

Lemma 2. If u = (e, ey, €s; f) is a smooth zeroth order frame field along f,
then the relative components 0 and w/ of infinitesimal displacement of f and e;,
respectively, defined in (1) are given by

i %0 i ., *x0f
0 = u*y, w; = u*Q.

Proof. 1f (4, @) € G and (X, x) € g, and if L, denotes left multiplica-
tion on G by (4, @), then L, ,«(X, x) = (4X, Ax). Let A: §— SL(3; R) be
the matrix valued function whose ith column is ;. Then

D ur gy = Ly ety = L(A(s)",—A(s)‘[f(s))#(de1’ de,, de; df)(s)
= (4(s)™' - de,, A(s)" - dey, A(s) ™" - dey; A(s)™ - df)(s).
Applying A(s)™! to (1), the lemma follows because A(s)'e(s) = ¢ and
w*Q(s) = (2 u*ﬂ‘; e, Ju*W @ e,.). q.e.d.
i i
Recall that the map 7;: § — G; 2(R3) is defined by 7(s) = f,S,- We need a
frame in order to get a local representation of 7. Given any point s € S, let

u = (e,, e,, €3; f(5)) € G be a zeroth order frame at 5. Let the 1-forms #° be
defined by

dfey = Ffay = 2 9 ® e,
Since df(s) has rank equal to 2, two of the forms #' must be linearly

independent. We may as well assume that #' and #2 are independent, in
which case #% = x8! + y02 for some x,y € R. Then, using the representation

G;,(R%) = Gx; G, ,, we have
1 0
0 1})
x ¥

Any other zeroth order frame at s is given by & = uK, where K € G,. As

1 0 1 0
ﬁK",[o .1} =[ﬁ,p,,'(K“)[0 1}
x y x y

T{(s) =_[ u,

b4

T(s) =




230 GARY R. JENSEN

it follows that by choosing K appropriately we can simplify the coefficients x
and y. In fact, the standard action of G, = SL(3; R) on G, is traamsitive,
which means K can be chosen so that

1 0 1 0
(K Hlo 1]|=|0 1]
x y 0 0

Hence K can be chosen so that if # = uK = (e, &,, &; f), then
df=0'®é + 0*Q &,
ie,03=0.

Definition. A first order frame at s € S is any zeroth order frame u =
(ey, €3 €3; f(s)) € G such that df(s) = 8" ® e, + 0> ® e,. A first order frame
Jield along f is a zeroth order frame field » along f such that u(¢) is a first
order frame ats € Sforeach? € §.

Although we have defined first order frames in an algebraic way, if we look
at the situation geometrically it is clear that the first order frames at s € S are
the zeroth order frames u = (e, e,, €5; f(5)) at s for which e, and e, are
tangent to f(.S) at f(s).

In order to determine the set of all first order frames at s € S, we need to
determine the isotropy subgroup G, of p, at the point

1 0
0 1

0 0

S5 G3,2.

After a brief computation we get that

G, ={KeG,=5SL3;R): K} =0=K},
where K;f denotes the ith row-jth column entry of the matrix K. Then the set
of all first order frames at s is

) {uK: K € G},

where u is any fixed first order frame at s.

It can be shown easily, but we omit the details, that first order frame fields
along f exist locally, that is, on a neighborhood of any point of S. In general
there does not exist a continuous first order frame field along f defined on all
of §. As we are interested here in local questions, we shall often discard
‘portions of S, if necessary, so that we may assume that there exist globally
defined first order frame fields along f.

If we let L, C G denote the set of all first order frames on S, then L, is a
submanifold of G, and by (2) it is a fibration over S for which each fiber is a
right coset of G,. The existence of local smooth first order fields along f
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means that the fibration is locally trivial. Thus L, is a principal G;-bundle
over S.

As we shall see, yet another point of view is essential. Any first order frame
field u along fis a local cross section of L, — S, and by Lemma 2

u*Q? = 0.
It follows that L, is an 8-dimensional integral manifold in G of the closed
exterior differential system on G:
P=0 DBAUL+BAR=0,

where the quadratic equation arises from taking the exterior derivative of
Q% = 0 and using the structure equations of G.

If i: L, > G denotes the inclusion mapping, and if we set 7’ = i*@,
n' = i*Q, then (n', 7% n], %3 n3, i, m3, M) is a coframe field on L, and
72 =0,7 =pn' + g’ 13 = qn' + m?* for some smooth functions p, g and »
onL,

The following proposition is geometrlcally obvious, but we include a proof
whose idea carries over to less obvious situations.

Proposition 3. Any two surfaces in R® have first order G-contact at any two
points.

Proof. Letf: S >R andf: § — R®be any surfaces, and lets € S,5 € S.
Let u = (e,, €y, €3; f(s)) and @ = (&,, &,, &;; f(5)) be first order frames at s and
5, respectively.

For any element v € G we have hy(v- #) = (v,€, V,€,, v €3 of(5)). Thus
a(vif) = v - f(5), so that vii is a zeroth order frame at § of v © f Furthermore,
the relative components of infinitesimal displacement of v f with respect to
ho(oﬁ) are the same as those for f with respect to #. Namely, if df(-) =3,

&;, then d(v °f)(s-)—2 0’ Quv,é.

Let us apply this observatlon tov=u- #”'. Then vit = u is a first order
frame of v o fat 5 and

1 0 1 0
T, ;(8) =|vih |0 1||=|u|0 1||=TLs).
0 0 0 0
Hence f and v © f have first order contact at s and 5. This proves Proposition

3. ged.

The first order frames can be used to solve the first order G-deformation
problem. We give an elementary proof of the next proposition. Another proof
could be obtained following the methods used for second order deformations.

Proposition 4. Let f, f: 8§ >R be surfaces on which there exist globally
defined first order frame fields. Then these surfaces are first order G-deforma-
tions of each other.
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Proof. Let u= (e, e €5 f): S—>G and it = (8,8, &;f): S—G be
smooth first order frame fields along f and £, respectively. Then
(3) fo=0'®¢, +02®e, f,=0'®+0°®¢,
where 8!, 92 and 0!, §? are each smooth coframe fields on S. There are
smooth functions A4 on S, such that

4) 6= = 3 A0
B

(We are using the index convention: 1 < a, B<2)
Let A be the 2 X 2 matrix of functions 4, and let a = det A7!. Define a
smooth map K: § — G, by

A 0
K= 0.
0 a

Then #K is also a smooth first order frame field along f As uK =
. Afe,, 2, A52,, aéy; f), if we set #K = (v, vy, vs; f), then v, = S5 4f2,,
and

6 =20 ®0, = Equ’ ® Ale.
Comparing (5) with the second equation in (3), it follows that
(6) 0> = %Agcp ,

Comparing (6) with (4) gives that ¢? = 87,
The point of this brief digression is that we may. assume the first order
frame field # along f to be chosen such that

) 9« = g,
Define a smooth map v: S — G by v(s) = u(s)i(s)"". Given any s € §, it is
clear that v(s),e,(s) = e, (s). Thus using (7) we have

(o(s) © F)o(s) = u(s),,(g 0 ® éa(s)) = 56" ® e, () = £,09)

which means that v(s) © f agrees to at least first order with f ats. q.e.d.

We shall need second order frames and the notion of the second order
types in §§9 and 10. Rather than just refer to their construction in [7, pp.
118-119], we shall repeat the construction, but emphasize the pointwise
nature of their definition.

Lemma 3. Let o, denote the 2-plane at the origin of R’ spanned by the two
standard basis vectors €, and e,. Then the map v — v,06,, for v € G, induces a
bundle isomorphism G/ G, = G, ,(R).
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Proof. Any tangent 2-plane to R® is given by v,0, for some v € G; ie.,

the map is surjective. The proof is concluded by observing that v g, = o, if
and only if v(0) = 0 and

1 0 1 0
po0)[O0 1|=|0 1];
0 0 00
ie,v € G,. qed.

In terms of our earlier notation, the isomorphism

G/G = Gz,z(Rs) = 'Gx'Gon

1 0
u-G-lu, |0 11|

0.0

is given by

Using this identification we have
]}: S —> G/ Gl'
Let 7,: G — G/ G, denote the natural projection. A zeroth order frame for 7

ats € Sis an element 4 € G for which 7,(u) = T(s). Then u € G is a zeroth
order frame for 7} at 5 if and only if

1 0
T{(s) = m(u) =[u,[0 1} )
' 0

0

which occurs if and only if « is a first order frame for f at s.

Next we determine the relative components of infinitesimal displacement of
T, with respect to a zeroth order frame. The second order frames for f at a
point s € S will be defined to be the first order frames for 7} at s.

The construction of first order frames for 7; begins with a choice of
subspace m,; of g, complementary to the Lie algebra g, of G,. Recall that
g, = 81(3; R) and that

a={X€e€g,: X/ =0=X}.

0 0 0
m=4/0 0 0|€Eg,:,tER
r ¢t O

Then g = q, ® m, ® m,, (vector space direct sum), and ,, maps m, D my,
isomorphically onto the tangent space of G/ G, at the identity coset.

For m, we take
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As a reference frame at the identity coset of G/G, we take u; =
T1.{€1> €25 &3, €, €5), Where €, €, & continues to be the standard basis of

m, = R3, and
0 00 0 0 0
=0 0 0f, es={0 0 0
1 0 O 01 0

is a basis of m,. Then we get a bundle monomorphism 4,: G - L(G/G,)
given by hy(u) = u,u,. The associated homomorphism between the structure
groups p;: G; — GL(5; R) is the adjoint representation of G, on g/g;, = m,
@ m,, with respect to the basis ¢, - - - , &.

As G, C G, there is a well-defined smooth projection y,: G/G, - G/G,
given by 7,(v) — 7(v), for any v € G. Then

Yiamialen - o o5 €5) = 76 &2 &3), Yo =1

Notice the equivariance property of i, namely that for v,w € G, §(v-
7,(w)) = v-a(w). Thus for any v'€ G, if h,(v) = (e, e,, €5; 7(v)) and h,(v)
= (&), &, &3, €4 e5; m(v)), then

(8) Yy hu(v) = (\Pl*él, Cre L Yges Y 0 7"1(0)) = (e, €, €3; 7(v)) = h,(v).

As a result of (8) we shall identify & with e, i = 1, 2, 3.
Lemma 4. Let u be a first order frame for f at s € S, and set h(u) =
(e, e, e3; f(s)) and hy(u) = (ey, * - - , e5; T(s)). Then

9 (Tf)*(s) = 2 0° e, + “’f R e, + ‘*’; ® es,

where fy, = 2, 0% ® e, and w}, w3 are linear functionals on the tangent space
S,.
If u is a first order frame field along f, and thus is a zeroth order frame field
along T,, then the relative components of infinitesimal displacement of T, with

respect to u, as defined in (9) at any point s € S, are

(10) 0% = u*Q*, WP =0, o =u*PV, ;= u*d.
Furthermore, the structure equation
(11) GAO+ SN =0,

is satisfied on S.

Proof. (9) is satisfied for some linear functionals 8%, «}, w3 € S*. As
S=1y; > T, by (8) we have f,, = 1,2, 0" ®e¢, + W3 ® e+ wg ® e5) =
2,0°Qe,. ‘



DEFORMATION OF SUBMANIFOLDS 235

The proof of the latter half of the lemma. is the same as the proof of
Lemma 2. (11) follows from applying u* to the following structure equation
of G:

d¥ =Y Q@A qed.

Continue using the notation of Lemma 4; u is a first order frame for f at
s € §. From (11)

w} = x0' + y8?, w§=y0l+z02,
for some x, y,z € R. Let X = (} %), and let 5, denote the vector space of all
real 2 X 2 symmetric matrices. :

Now ]}2: S — G5 (M 1, and using h, we see that the latter space is given
by

Gs,2(M l) = Gxg,Gs,,

where we recall that p;: G; — GL(5; R) is the adjoint representation of G, on
g/ @, with respect to the basis ¢, - - - , &. Then by (9) we have

I
Tf(s)=[u, [ 0 H
e

where I = (} 9), and X is given above.

Any other first order frame for f at s is given by # = uK for some K € G,.
If hy() = (e, - - , &5 7,(4)), and we denote the relative components of 7
with respect to h,(#) by 8°, &3, @3, and denote the coefficients of the latter by
X = (}?%), then

I |- I
(12) 0 1=p(kMo0
X X

Lemma 5. Let K € Gy, so that K = (§ %), for some A € GL(2; R), some
¢ € R?, and where a™' = det A. Then

0 0] (g1 0 0 40"
Ad(K™) 01,92l = 0], 92) | |> modulo g,.
wlwd 0) | o a'(wjw)d 0 0

Consequently in (12),
(13) X = a4XA.
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‘Proof. An elementary computation.

The action of G, on &, defined by (13) has exactly four distinct orbits. A
representative from each orbit is chosen as follows:

Type Ila: Orbit of 0 = X .

Type IIb: Orbit of (} J) = X,.

Type Ilc: Orbit of (} ) = X_.

Type 11d: Orbit of (; 9 = X,

If X lies in the orbit of Type Ila (respectively, Type IIb, or Type Ilc, or
Type I1d), then the point s € § is called a planar (respectively, parabolic, or
elliptic, or hyperbolic) point. The surface f: S — R? is said to be of constant
second order type if all of its points are of the same second order type. If f is of
constant second order type, we shall call it planar (respectively parabolic,
elliptic or hyperbolic), if all of its points are planar (respectively parabolic,
elliptic or hyperbolic).

Definition. A second order frame for f at s € § is any first order frame u
at s for which

where D isone of a, b, ¢, or d.

It can be shown that if f is of constant second order type, then locally there
exist smooth second order frame fields along f. Let L, denote the set of all
second order frames on f. If f has constant second order type IID, then
L, — § is a principal G,-bundle over S, where G, is the isotropy subgroup of
G,at Xy, D =a,b,c, a:

I I
G,=1K € G;: p,(K) 0]=]0
) XD Xp

Proposition 5.  Smooth surfaces f: S — R® and f: S — R? have second order
G-contact at s € S and 5 € S if and only if s and § are of the same second
order type.

Proof. The proof is similar to that of Proposition 3.

8. The differential systems of equiaffine deformations

We shall use the results of Example 1 in §4 for the case when G is the
equiaffine group. Adopt the index conventions

1<4,j<3, 1<aB<2
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and use the Einstein summation convention on repeated indices. Then
equations (4.6) from Example 1 are

(14) dx' = -9 —x’Q, (mnG xR

Suppose that f, f: §— M are surfaces which are kth order equiaffine
deformations of each other. Let v: § — G be such that v(s) © f agrees through
order k with f at s, for every s € S.

Let u: S — L, be a kth order frame field along f. Then i: S — G defined
by #(s) = v(s)™ - u(s) is a kth order frame field along f. For each (s, f) € S
X §, the coordinates (x*) of f(¢) with respect to u(s) satisfy

K1) = fs) + x'(s, Nels),
where, as in Example 1, u(s) = (e,(s), ex(s), e5(s); f(s)). The coordinates (x*)
of f(¢) with respect to #(s) are the same as the coordinates of v(s) ° f(f) with
respect to u(s), so that

o(s) o f(2) = f(s) + X'(s, D)e(s).

Put o’ = u*@, w/ = u*Q, and similarly define &’ and &/ with respect to #.
If u is at least a first order frame field, then w® = 0 and {w', w?} is a coframe
field on S. Consequently, for each s € S, the functions x*(s, £) define local
coordinates in S centered at s. Then

(15) X =a x4+ 3bexxF 4+ - - -

Where the coefficients a,, b,s = bg,, - - - are functions of s.
Use the map (x X identity): S X R*— G X R? to pull (14) back to § X
R

(16) dx' = -0’ — Xw.

Differentiate (15) with respect to s, keeping t fixed, so that equations (16)
can be used. Thus we obtain

wx'=dx’ =adx*+ x%da, + - - - .

At s = t we have x' = 0 and dx!, dx? linearly independent. Hence a, = 0,
and the expansion (15) begins with the second order term.

Now v(s) ° f and f agree to order k at s; it means that ¥’ — x° = 0 modulo
terms of order greater than k in x!, x2.

Case k = 1. Differentiate X — x! with respect to s, keeping ¢ fixed. Then

dx’ = dx' modulo terms of order > 1in x*.
Using (16) we obtain

o'+ Xef = o' + x’w/ (mod order > 1).
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Hence putting s = ¢ gives

(17) o'=w' onS.
These are the exterior differential equations of a first order equiaffine
deformation.

Case k = 2.
Now dx’ = dx’ (mod order > 2in s*). Using (16) we have

@ + X0 =w + x%}!  (mod order > 2in x*).

But X* = x“ through second order, and @’ = w' as in the case k£ = 1. Thus

x%w, — w) = 0 modulo terms of order > 2in x“. By a standard argument

(13) . ®j=w; onS.

The differential equations of a second order equiaffine deformation are the

equations

(19) =0, w =w onS.

Case k = 3. Now
dx' = dx' (mod order > 3inx*).
Using (15) and (16) we obtain
o' + X%} (%b_aﬁ)?“fﬁ)6§ = + x%f + (%baﬁx“xﬂ)a;,

modulo terms of order > 3 in x°.

Since X’ = x’ through third order, and &' = ',

we have b5 = b,z and

bpxx®(@] — wj) =0  (mod order > 3),

a,

=i

(43

= ! from Cases k = 1, 2,

Hence either
(20) ‘ ®j=wj ons
or b, is identically zero on § for all &, 8.
Generically the former case occurs, so that (17), (18), and (20) are the
differential equations of a third order equiaffine deformation.
Proposition. Any C*® surface in R® is rigid to local third order equiaffine
deformations. .
Proof. Surfaces for which the b,; are identically 0 are planar surfaces, an
any planar surface is an open submanifold of a plane (cf. [7, p. 120]). Since a
third order deformation of a planar surface is also planar, they are congruent.
For a nonplanar surface, the equations are (17), (18), and (20) above, which
say that u*Q = #*Q. It follows that f and f are G-congruent.
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9. - Extistence of deformations

We have seen already that any two surfaces are locally first order equiaf-
fine deformations of each other, and that every surface is rigid to third order
equiaffine deformations. We turn now to the questions raised in §7 for the
case of second order equiaffine deformations of surfaces.

The Cartan-Kéhler theorem will be used many times in this and the next
sections. For terminology and precise formulation of this theorem we shall
follow [4], especially §§93 and 94 on pp. 98—-100.

The answer to question (1) is a qualified no; that is, a generic surface is
rigid to second order deformations. We proceed directly to question (2) to see
which surfaces are deformable. Since there are four second order types of
surfaces, we can unify the discussion somewhat by setting up our first system
on L; X G, rather thanon L, X G.

Let f: S — R’ be a real analytic surface, and let @ = (), (&) denote the
Maurer-Cartan form of G. The set L, of all first order frames on f is a real
analytic submanifold of G. In fact, L, is an 8-dimensional integral manifold
of the closed exterior differential system

(32) P=0 BAAL+BAP=0
on G.

Leti: L; — G denote the inclusion mapping, and set
(33) o' =, o =0, 1<ij<3

Then !, w?, w}, @2, @}, w;, w?, w} form a coframe field on L,, and
w?=0 o =peo!+ g’ =g+ ro?
for some real analytic functions p, g and ron L. .
Consider the closed exterior differential system ¥ on L, X G with specified

independent variables ', w?, (cf. (19)):
34) =0, =04 =0, =0, wi=%
wzl = Qé’ “’} = Qi’ ""% = 95’ w% = 9%;

(W}~ 2)A@}=0, (0} —Q)Aw;=0,

(35)
(w32 — Q%)/\wi” =0, (wg — 9%)/\«);’ =0.

The nature of this exterior differential system depends on the linear
dependence between w? and w3, which in turn depends on the second order
type of the surface f.

By the Remark following Proposition 2, if fis a second order G-deforma-
tion of f, and f has constant second order type, then £ has the same constant
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second order type. For surfaces of constant second order type we have the
following resuits.

Proposition 8. Any planar, elliptic, or hyperbolic real analytic surface in R?
is rigid to second order G-deformations. Any real analytic parabolic surface in
R3 has local nontrivial second order G-deformations.

Proof. The surface f is planar iff p, g and r are identically zero. In this
case the system X is completely integrable. Any two-dimensional solution is
given by a real analytic map (u, #): S — L; X G, and the surfaces f = 7 ° u
and f = & o i are G-congruent. They are each open submanifolds of a plane.
(Ct.[7, p. 120])

The surface f is elliptic iff pr — 4> > 0, and it is hyperbolic iff pr — ¢> <0.
In either case the four quadratic equations (35) are linearly independent,
while the rank of the polar matrix is 2. The system X is not in involution.

A prolongation of the system is achieved by adding to (34) the linear
equation’s

(36) 2~ ol = aQ! + pQ?, D2 — Q% = cQ' + 2,

where a, b, c, e are new variables. Putting equation’s (36) into the quadratic
equations (35), it follows that a, b, ¢, and e all must be zero.

Thus the prolongation is complétely integrable. Any solution is given by
(u,): S— L, X G and satisfies u*i*Q = #*Q. Hence f=nw°u and f=
@ o U are G-congruent by [7, Theorem 1, p. 30].

The surface f is parabolic iff the matrix ({; 7) has rank one at every point of
L. In this case there are only two independent quadratic equations in (35),
and the system X is in involution. The general solution depends on two
arbitrary functions of one variable.

10. Deformations of parabolic surfaces

We conclude with the problem of determining the second order G-defor-
mations of a given parabolic surface f: S —R>. For the details on higher
order frames and types of parabolic surfaces we refer to {7, pp. 120--139].

Let L, C G be the set of second order frames of f. It is a principal
G,-bundle over S, where (cf. §7)

0 c
G, = a? ¢t |l:iabc,tER a+0)
0

a2

O o\
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Also, L, is a 6-dimensional integral manifold of the closed exterior differen-
tial system on G: '
37) @P=0 =0, B=0 YAQ=0,

DAGU+ D) =P N2

Let i: L, > G be the inclusion mapping, and set ' = '*Qi w = i*,
Then (@, &3, w}, W), 0¥, @ ) is a coframe field on L,, and &’ =0, &} = ',

=0, w) = q0!, 30} + @? = po' + quw?, where p, g are real analytic func-
tions on L,.

There are two third order types, according to whether w) =0, (Type
IIb Illa), or w) # 0, (Type IIb IIIb). We have observed already that second
order deformations preserve second order type. But from (19) (namely,
@) = w)), it follows that second order deformations of a parabolic surface
preserve third order type. To see this one must observe that if f: § > R?is a
second order deformation of f: § — R>, and the deformation is achieved by v:
S — G, then starting with a second order frame field u: S —» G along f we get
a second order frame field &#: S — G along f by setting #(s) = v(s)™" - u(s).

Suppose that f is of Type IIb Illa, and let Ly C L, C G denote its set of
third order frames. L, is a principal G;-bundle over S, where

a 0 0
Gy=1|b a3 ¢ |ta,btER a+#0}
0 0 a?

and L, is a 5-dimensional integral manifold of the closed exterior differential
system on G:

(33) 2*=0, B=0, B=0 =0, 3+Q2=0 AAQ=0
If we now let i: Ly — G denote this inclusion, and let W' = i*Y, wj = 1"9},
then (0!, ?, @}, w?, w}) is a coframe field on L,, and

39) =0 w=0, 03=0, Ww=0 ol=-30), &=ra

for some function r on L,.

With this preparation we can state and prove

Proposition 9. Any Type IIb Illa surface f: SR is a second order
G-deformation of f.

Proof. Let any quantity defined above for f be defined for f, and denote it
with the same letter but with a bar over it.

From (19), (39) and (39), it suffices to find a two-dimensional solution to
the closed exterlor differential system on L3 x L, with specified independent
variables w', w*:

40) @'=0!, =0 B =0, =0l (&-w))Ac' =0
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This system is in involution, and the general solution depends on 1
arbitrary function of 1 variable. Any 2-dimensional solution can be given by
a map

(u, 17): S—)L3 x 1_43.
Then u and # are third order frame fields along f and 7 © u, respectively, and

1 1 2 3

ol = urol, e’ = ure? u*e) = i*e},
W*o; = u*wl, 6| = ute|, u*e; = u*wl,

w*e) = utwl, w*e! = u*wl.

2

By Proposition 6, f and 7 © # are second order G-deformations of each other.
Finally, 7 ° #(S) = 7(L,) = f(S), so that 7 © it: § — R® is just a reparametri-
zation of f.

Remark. Type IIb IIIa surfaces f: S — R are cylinders. To see this, let u:
S — L, be a third order frame field along f, and write u = (e,, e,, e5; f).

fu*Q@ =06 i=1,2, Q= 8/, then we have

de, = 07 ® e,

as 8} = 0 = 83. It follows that the tangent vector field e, along f has constant
direction, and thus f is a cylinder generated by lines parallel to e,.

Consider now a Type IIb IIIb surface f: § — R, and let L, C G denote its
set of third order frames. L, is a principal G;-bundle over S where now

1 0 b
G={|p 1 ¢|:btER.
0 0 1

It is also a 4-dimensional integral manifold of the closed exterior differential
system on G:

@=0, B=0, B=0, =0, 30 +0=0
QUANQ =0, (B-QU)AQ =0 AQ.
Let i: Ly — G be the inclusion mapping, and set o' = i*@, o/ = i*Q.
Then (0!, w? w?, w?) is a coframe field on L,, and

(41)

W=0, =0, W3=0, w, =0, o =-mw'

w2 =3me' + o?, ! = w}— po' — mw?

(42)

for some functions m and p on L,; and m is constant on the fibers of L;. The
function m, which is actually a function on S, is the fourth order invariant of
f

Lemma 8. Second order G-deformations of f preserve the fourth order
invariant m of f.
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Proof. Suppose that f: § — G is a second order G-deformation of f with a
deformation given by v: § — G. That is, v(s) © f agrees to second order with f
at s, for each s € S. Let u: S — L, be a third order frame field along f, so
that
w QP =0, Q) =uw*Q, QB =0,

43
“3) W = w*Q, w*Q| = —mu*Q.

Define #: S — G by u(s) = v(s)u(s), so that & is at least a second order
frame field along f. But (19) and (42) show that equations (43) hold with bars
on everything, so that # is actually a third order frame field along f. But then
using (19) we have

w*Q = u*Q] = —mu*Q' = —mi*Q
which implies that m is the fourth order invariant of . q.e.d.

All Type IIb IIIb surfaces have the same fourth order type, but at the fifth
order they split into two types, depending on whether m =0 (Type
ITb IIIb Va), or m # 0 (Type IIb IIIb Vb). From Lemma 8 it follows that
second order deformation preserves the fifth order type.

Proposition 10. (i) Any two Type 1Ib I1Ib Va surfaces are second order
G-deformations of each other.

(ii) Any two Type IIb II1Ib Vb surfaces are second order G-deformations of
each other whenever their fourth order invariants have the same range, i.e.,
whenever m(S) = ﬁ(§).

Proof. (i) Let f: S — R> be a Type IIb IITb Va surface, and let L, be its
bundle of third order frames. Using the notation preceding Lemma 8, we
have (42) with m = 0. Let f: § — R? be another Type ITb IIIb Va surface with
bundle of third order frames L.

To get a second order deformation of f to f it suffices, by (19), (42) and
(42), to find a two-dimensional solution of the closed exterior differential
system on L, X L, with specified independent variables «', w?:

(44) l=w!, @®=0 o=, (& -w)Ae' =0

This system is in involution, and the general solution depends on one
function of one variable. The rest of the proof of (i) follows the lines of the
proof of Proposition 9.

(i) Let f: S—>R? be a Type IIb IlIb Vb surface. Continue to use the
notation of (42).

Lemma 9. There exists a unique third order frame field u: S—->1L,C G
along f for which '

45) dm = 2mg?,  ¢F = 3mg?,

where ' = u*w', @i = u*w;.
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Proof. Let u: S— L; be any third order frame field along f, and set
@' = u*w’, @/ = u*w’. Apply u* to (42) to get
(46) P’=0, ¢i=9, $=0 =9,
1 1 2 1 2

¢ =-me, @ =3mp + ¢

Then 0 = d(¢p) + me') implies that
, dm N\ @' =2me' N\ 97,

from which we get
(47) dm = m@' — 2mg?,

where m, is some function on S, and depends on the choice of u.
Any other third order frame along f is given by

1 0 a
g=u-|la 1 by
0 0 1
where a and b are arbitrary functions on S, (cf. [7, p. 129]). Let ¢’ = @*w’,
¢ = @*w/. Then equations (46) hold for ¢’ and ¢/, and
(48) dm = m,¢' — 2m>. ‘
Write u = (e, e,, e3; f) and @ = (é,, é,, &; f), so that &, = e, + ae,, &, =
ey, & = ae, + be, + e,. Then df = @'e; + g%, = ¢'¢, + ¢%, implies that
(49) =9, ¢=¢’—apl
Combining (47), (48) and (49) gives
m, = m; — 2am.
Hence, by taking a =1m,/m, the frame field # will have the property that
dm = ‘f2"2¢2.
We may assume then that m, = 0; ie., that dm = —2mg?. In order for the

new frame field # to share this property we must take @ = 0. Now &, = e,,
é, = e, é; = be, + e;, and

Differentiating dm + 2me? =

Hence
' (50) ¢} = ko' + 3mg?,
for some function k on S.
As for the frame field 7,

s _ ~1x ~2 ~3= -1 ~2 ~3 ~3
dé, = ¢1€, + §1é, + §i&; = ¢ie; + ((Pl + b‘Pl)ez + Qe
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and dé, = de, = ple, + @, + @je,;. Hence

(51) ¢ = ¢} — b} = ¢} — by,
because ¢} = ¢' = @'. Now ¢? = ke' + 3mg?, so that (50) and (51) imply
(52) k=k-b

By taking b = k we can make k = 0. This proves Lemma 9, and permits us to
complete the proof of Part (ii) of Proposition 10.

Let f: §—R? be any Type IIb IIIb Vb surface, and let u: S — L, i:
S — L, be the special third order frame fields along f and f, respectively,
given by Lemma 9. Set ¢’ = #*&’ and ¢/ = #*@/. Then (45) and (46) hold for
both u and &, where we let m denote the fourth order invariant of f.

The exterior differential system

(53) ¢ =9 P =¢

on S X § is completely integrable. Choose points 0 € S and & € S such that
m(o) = m(2) # 0, and let the graph of F: S — S be the two-dimensional
integral manifold of (53) for which F(o) = 6. Then

(54) o' = ¢!, F*§=¢?

and

F*d log|m| = F*(-2¢%) = —2¢* =d log|m|
implies that
(55) meF=c-m, forsome constant c.

But ¢ = 1, because 7 o F(0) = m(0) = m(o) # 0.

Combining (45), (46), (54) and (55) it follows that equations (29) hold for
the frame fields # and #. Hence, by Part(b) of Proposition 6, f is a second
order G-deformation of f.

Remark. Type IIb IIIb Va surfaces are cones, while Type IIb IIIb Vb
surfaces are tangent developables. To see this, let u = (e,, e, e3; f) be a third
order frame field on the surface with relative components of infinitesimal
displacement ¢’ = u*w’, ¢/ = u*w/, where w’, &/ are the forms on L, in (42).

For a Type IIb IIIb Va surface the invariant m is identically zero, so that
equations (42) imply that ’

df = (plel + q)2e2’
— .1 2 3, 1 2
de, = wye, + wye, + wie; = e + ¢e,.

Hence d(f — e,) = 0, and so f = ¢ + e, which is a cone with center at ¢ € R?
and generator lines parallel to e,.
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For a type IIb IIIb Vb surface the invariant m is nonconstant, and equa-
tions (42) give

de, = @le; + (3me' + g?e, = df + 3mgp'e,.
The vector field e, is the tangent vector along any curve ¢' = 0, and it does
not change direction along such a curve; these curves are straight lines, the
generator lines of the surface. Along any of the lines ¢' = 0 we have

de, = 3mo’e,,
from which it follows that the tangent plane to the surface is constant along a
generator line. Hence f is a developable. It is easily seen that any cylinder is
of Type IIb Illa, while any cone is Type IIb IIIb Va. Thus any Type

IIb IIIb Vb surface must be a tangent developable, (or osculating develop-
able, as it is called sometimes).

References

[1] E. Cartan, Sur la deformation projective des surfaces, Ann. Sci. Ecole Norm. Sup. 37 (1920)
259-356; or Oeuvres Completes, III 1, 441-538.
, Sur le probleme général de la deformation, C. R. Congrés Strasbourg, 1920,
397-406.
[3] , Theorie des groupe finis et continues et la geométrie differentielle traitees par la
méthode du repere mobile, Gauthier-Villars, Paris, 1937.
[4] , Les systemes différentiels extérieurs et leurs applications geometriques, Hermann,
Paris, 1945,
[5] K. F. Gauss, General investigations of curved surfaces, Raven Press, Hewlett, New York,
1965.
[6] P. Griffiths, On Cartan’s method of Lie groups and moving frames as applied to uniqueness
and existence questions in differential geometry, Duke Math. J. 41 (1974) 775-814.
[71 G. R. Jensen, Higher order contact of submanifolds of homogeneous spaces, Lecture Notes in
Math. Vol. 610, Springer, Berlin, 1977.
[8] S. Kobayashi & K. Nomizu, Foundations of differential geometry, Vol. 1, Interscience, New
York, 1963.
[9] C.Schiemangk & R. Sulanke, Submanifolds of the Mobius space, Math. Nach., to appear.
[10] R. Sulanke, On E. Cartan’s method of moving frames, to appear in Proc. Colloq. Differen-
tial Geometry, Budapest, 1979.
[11] R. Sulanke & A. Svec, Zur differentialgeometrie der untermannigfaltigkeiten eines Kleinschen
Raumes, Beitrage zur Algebra und Geometrie, Halle, to appear.
[12] H. Weyl, Cartan on groups and differential geometry, Bull. Amer. Math. Soc. 44 (1938)
598-601.

(2]

WASHINGTON UNIVERSITY





